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I n  t h i s  p a p e r  w e  examine t h e  p o s s i b i l i t y ,  c o n s i d e r e d  

p r e v i o u s l y  by  o t h e r s ,  t h a t  t h e  r e c e n t l y  observed  pu l sed  r a d i o  

s o u r c e s  a r e  p u l s a t i n g  whi te  dwar f s .  W e  f i r s t  p r e s e n t  t h e  r e s u l t s  of 

radial mode e i g e n v a l u e  c a l c u l a t i o n s  ( f o r  v a r i o u s  c e n t r a l  d e n s i t i e s  

and compos i t ions )  which were o b t a i n e d  by i n t e g r a t i n g  t h e  e i g e n v a l u e  

e q u a t i o n s  t h e m s e l v e s  r a t h e r  t h a n  by  u s i n g  v a r i a t i o n a l  t e c h n i q u e s .  

Computat ion of  non- l inea r  w h i t e  dwarf p u l s a t i o n s  a r e  t h e n  

p r e s e n t e d ,  i n  which a hydrodynamic code was u s e d  t o  fo l low 

f i n i t e  a m p l i t u d e  p u l s a t i o n s  d r i v e n  b y  pycnonuclear  r e a c t i o n s .  

Very l a r g e  a m p l i t u d e  p u l s a t i o n  of n e u t r o n  s t a r s  a r e  a l s o  

c o n s i d e r e d .  
I 

The p o s s i b i l i t y  t h a t  tho  o p t i c a l  p u l s a t i o n  p e r i o d s  a r e  
4 

t w i c e  a s  l o n g  a s  t h e  r a d i o  p e r i o d s  h a s  a r i s e n  from o b s e r v a t i o n s .  1 l  
7 

o n  magnetohydrodynamdcs. 

E i g e n v a l u e  C a l c u l a t i o n 6  

The f o l l o w i n g  whi te  

W e  d i s c u s s  a method f o r  such a " f r e a u e n c v  d o u b l i n s "  based  p a r t l y  

I 
I 
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o b t a i n e d  by computer i n t e g r a t i o n  o f  t h e  Newtonian e q u a t i o n s  f o r  

t h e  e i g e n f u n c t i o n s  

t h o s e  v a l u e s  of t h e  p e r i o d  f o r  which t h e  e i g e n f u n c t i o n  4 = 6r/r 

and d < / d r  a r e  f i n i t e  a t  t h e  ou te r  boundary and match t o  an a n a l y t i c  

e x p a n s i o n  ( a b o u t  the s u r f a c e )  of the e i g e n f u n c t i o n .  The e igen-  

v a l u e s  compare v e r y  w e l l  w i t h  t h o s e  de t e rmined  b y  v a r i a t i o n a l  

2 methods  , b u t  t h e  method d e s c r i b e d  h e r e  h a s  t h e  advan tage  of 

g i v i n g  a c c u r a t e  e i g e n f u n c t i o n s  w i t h o u t  hav ing  t o  p o s t u l a t e  

po lynomia l  forms. I n  t a b l e  1 w e  have  used the d e g e n e r a t e  e l e c t r o n  

e q u a t i o n  of s t a t e  a s  f i r s t  a p p l i e d  t o  w h i t e  d w a r f s  by  Chandrasekhar  . 
The e f fec t  of Hamada-Salpeter c o r r e c t i o n s  t o  t h e  e q u a t i o n  of 

s t a t e  , e t c . ,  i s  found to  reduce  t h e  p e r i o d s  s l i g h t l y .  I n  t a b l e  2 

w e  show t h e  r e s u l t s  of  c a l c u l a t i o n s  c o r r e c t e d  f o r  t h e  Coulomb 

Thomas-Fermi and exchange i n t e r a c t i o n s  (Hamada-Salpeter c o r r e c t i o n s )  . 
I n  both t a b l e s  the r a t i o  of nuc leons  t o  e l e c t r o n s  w a s  t a k e n  t o  be 

2 . 0 .  Thus the  un - c o r r e c t e d  models  can  r e p r e s e n t  f o r  example 

The e i g e n v a l u e s  w e r e  o b t a i n e d  by  f i n d i n g  

3 

4 

4 

12 

o r  C 1 2  + H e  c o m p o s i t i o n s  w h i l e  t h e  c o r r e c t e d  model assumes c 1 2  

Z = 6 a s  w i t h  C . 
For h i g h e r  d e n s i t i e s  t h a n  t h o s e  c o n s i d e r e d  here, w e  have  

5 found t h a t  r e l a t i v i s t i c  e f f e c t s  a r e  t o o  l a r g e  t o  n e g l e c t  , 

and t h a t  per iods c o n s i d e r a b l y  lower t h a n  1 . 6 4  sec a r e  v e r y  

d i f f i c u l t  t o  o b t a i n .  T h i s  d i f f i c u l t y ,  however ,  can  be c i rcumvented .  

W e  l a t e r  g i v e  a mechanism which g e n e r a t e s  t w o  r a d i o  f r e q u e n c y  

p u l s e s  f o r  each  s t e l l a r  pulsation.  Also ,  i n  the f o l l o w i n g  s e c t i o n s  
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w e  d i s c u s s  dynamical  c a l c u l a t i o n s  w i t h  s i m u l a t e d  n u c l e a r  e x c i t a t i o n s ,  

which t end  t o  show t h a t  p u l s a t i o n  p e r i o d s  s h o r t e r  t h a n  t h e  

fundamental  may i n  any c a s e  be o b t a i n e d .  Thus t h e r e  a r e  a t  l e a s t  

two p o s s i b l e  ways o f  producing  models  w i t h  r a d i o  p e r i o d s  s h o r t e r  

t h a n  t h e  fundamentdl  p e r i o d s .  

Dynamical C a l c u l a t i o n s  i 

The f u l l ,  n o n - l i n e a r  hydro-dynarnical e q u a t i o n s  of motion 

w e r e  used t o  f o l l o w  t h e  o s c i l l a t i o n s  of a w h i t e  dwarf s t a r t i n g  

from i n i t i a l  c o n d i t i o n s  close to e q u i l i b r i u m .  W e  employ t h e  

Lagrang ian  form 6 

where m i s  t h e  mass i n t e r i o r  t o  r a d i u s  r = r ( m , t )  , p i s  t h e  

p r e s s u r < - ,  and Q i s  a v i s c o s i t y  term in t roduced  bot.. t o  sp read  

o u t  shock f r o n t s  o v e r  s e v e r a l  m a s s ' z o n e s ,  and t o  e l i m i n a t e  

t h e  e f f e c t s  of  t h e  i n i t i a l  c o n d i t i o n s  on t h e  f i n a l  s t a t e  o f  n o t i o n  

of the  w h i t e  dwarf .  W e  employed 20 mass zones of e q u a l  mass ,  and 

u s e d  a f o r m  for Q g i v e n  b y  Co lga te  and W n i t e '  and A r n e t t  
a a s  

= 0 o t h e r w i s e ,  where - 2 
CPk+$(vk+$-vk) fo r  Vk+l  k and Qk++ 

- Qk +Lj 

is  t h e  v e l o c i t y  of k - th  mass s h e l l ,  pk,+ is t h e  d e n s i t y ,  and "k 

C i s  a c o n s t a n t .  Arne t t '  chooses  C = 1, b u t  w e  chose C = 10 in 

o r d e r  t o  damp o u t  t h e  effects of  t h e  i n i t i a l  c o n d i t i o n s  i n  

h 

r e a s o n a b l e  computer t i m e  
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The p r e s s u r e  i s  g i v e n  b y  two terms P = P + P where Pe e n ’  

i s  t h e  u s u a l  d e g e n e r a t e  e l e c t r o n  p r e s s u r e  and P n  i s  d u e  t o  

pycnonuclear  r e a c t i o n s  . 
where p1 i s  a d e n s i t y  a t  which t h e  excess p r e s s u r e  from t h e  h e a t i n g  

from t h e  n u c l e a r  r e a c t i o n s  was assumed t o  d i e  away. The r e a c t i o n s  

9 2 We have used the form Pn a ( p  - pl) , 

w e r e  assumed t o  c u t  on a t  a d e n s i t y  p 2  > p l .  T h e  t o t a l  mass i n  

32 t h e  model used was assumed t o  be M = 8 . 3 8  x 10 9 ,  co r re spond ing  

t o  a c e n t r a l  d e n s i t y  p c  of about  2 x 10 g/cm . 6 3 Of c o u r s e ,  no 

pycnonuc lea r  r e a c t i o n s  a c t u a l l y  o c c u r  a t  t h i s  d e n s i t y .  W e  would 

have  l i k e d  t o  have  run  models  w i t h  d e n s i t i e s  high enough f o r  

t h e s e  r e a c t i o n s  t o  o c c u r ,  b u t  w e  found t h a t  f o r  p c ?  1 0  gm/cin , 
7 3 

t h e  i n i t i a l  d e v i a t i o n s  from e q u i l i b r i u m  of o u r  model gave r i se  

t o  g r a v i t a t i o n a l  c o l l a p s e !  However, one can  imagine t h a t  t h e  

g e n e r a l  r e s u l t s  o b t a i n e d  would be a p p l i c a b l e  t o  more compact 

c o n f i g u r a t i o n s  which w i l l  n o t  c o l l a p s e  f o r  s u f f i c i e n t l y  smal l  

o s c i l l a t i o n s .  W e  c o n c l u d e ,  however, t h a t  l a r g e  arnplitucie 

o s c i l l a t i o n s  woula r e s u l t  i n  L o l l a p s e  f o r  tne more compact 

c o n f i g u r a t i o n s ,  a t  l e a s t  down t o  t h e  n e u t r o n  s t a r  s t a g e ,  a s  

d i s c u s s e d  below.  

W e  have  assumed , t h a t  the n u c l e a r  ene rgy  s o u r c e  i s  very c l o s e  

t o  t n e  s u r f a c e ,  where f o r  example H e  might  be c o n v e r t i n g  t o  C . 4 12 

- L 
U s i n g  t h e  form P = C ( p  - pl) f o r  t h e  o v e r - p r e s s u r e  i n  t h e  next -  

n 0 
11 4 

t o - l a s t  mass zone ,  w e  found t h a t  Co = 9.0 x 10 and p1 = 5.0 x 10 

g i v e  r e a s o n a b l e  oscillations w i t h  p 2  7 . 0  1014. ~i~~~~ 1 
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B 

I 

shows the  f i n a l  a s y m p t o t i c  t i m e  dependence of t h e  o u t s i d e  r a d i u s  

and t h e  c e n t r a l  d e n s i t y .  The t i m e  i n t e r v a l s  between t h e  l a r c j e  

rad ius .maxima a r e  n e a r l y  e q u a l  t o  t h e  fundamenta l  frequency f o r  

s m a l l  p u l s a t i o n s .  Note the appea rance ,  however,  of t h e  m a l l  

s econda ry  maxima. I n  more r e a l i s t i c  models ,  the  secondary  maxima 

m i g h t  w e l l  be l a r g e r ,  t h u s  s h o r t e n i n g  t h e  a p p a r e n t  (oscillation 

p e r i o d .  Many o p t i c a l  v a r i a b l e  s t a r s  have.  been  noted  t o  have  

p e r i o d s  shor te r  t h a n  the fundamenta l .  10 , 

S i m i l a r  c a l c u l a t i o n s  were a l s o  c a r r i e d  o u t  f o r  v e r y  l a r g e  

a m p l i t u d e  d e g e n e r a t e  n e u t r o n  s t a r  p u l s a t i o n s .  F o r  a neu t ron  

s t a r  of total mass M = 1.0 x 10 gm, an  o s c i l l a t i o n  p e r i o d  of 3 3  

1 . 3 3  sec can  be o b t a i n e d  if t h e  maximum r a d i u s  i s  t a k e n  t o  be 

2600 km. I n  F i g u r e  2 w e  have  graphed the o u t s i d e  r a d i u s  a s  a 
9 

f u n c t i o n  of t i m e .  Note t h a t  the  p e r i o d  a g r e e s  w i t n  t h e  e s t i m a t e s  

of Hoyle and N a r l i k a r ’ l .  However, even  i f  t h e i r  mechanism t o  

a v o i d  h i g h  n e u t r i n o  ene rgy  loss a t  maximum c o n t r a c t i o n  i s  p o s s i b l e ,  

w e  f i n d  t h a t  the d e n s i t y  a t  .,,aximum e x t e n s i o n  i s  so low that f ree  

n e u t r o n  decay  t a k e s  p l a c e  a g a i n  r e s u l t i n g  i n  n e u t r i n o  loss. I n  

f a c t ,  t h e  damping t i m e  f o r  t h e  p u l s a t i o n s  i s  of t h e  o r d e r  of a 

f e w  months.  

R a d i o  Emiss ion  

I n  t h i s  s e c t i o n  we discuss plasma mechanisms f o r  g e n e r a t i n g  
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the observed  r a d i o  e m i s s i o n s .  W e  assume t h a t  t h e  b a s i c  ene rc ; i z ing  

mechanism i s  a n  e l ec t r i c  f i e l d  i n  a l a y e r  where t h e  s c a i e  n e i q n t  

i s  s i n a l l e r  t h a n  t h e  mean f r e e  p a t h  of t h e r m a l  e l e c t r o n s .  Tnus 

w e  have  a " l o w  d e n s i t y "  plasma i n  which o r d i n a r y  MHD i s  i n v a l i d ,  

and t h e  e l e c t r i c  f i e l d  may h a v e  a coinponent p a r a l l e l  t o  t h e  
12 

magne t i c  f i e l d  . From F a r a d a y ' s  l aw ,  -B = c ~ x E ,  w e  see c h a t  

maximum E i s  o b t a i n e d  for maximum I Bl , which c o r r e s p o n d s  t o  maximum 

1 d p / d t /  i n  t h e  d e e p e r  l a y e r s  of t h e  s t a r ,  where K-ID i s  v a l i d .  W e  

w i l l  see t h a t  f i e l d s  B 2 60 gauss  a r e  r e q u i r e d ,  and t h u s  t h e  

inagne t i c  p r e s s u r e  d o a i n a t e s  t h e  plasma pressure i n  t h e  low d e n s i t y  

l a y e r .  Changes i n  B i n  t h e  i n t e r i o r  w i l l  t h e n  be conununicatea to 

t h e  a tmosphe re .  B u t  max I d p / d t )  occurs t w i c e  d u r i n g  a p u l s a t i o r ,  

c y c l e ,  and t h u s  maximum E o c c u r s  twice d u r i n g  a c y c l e ,  making t n e  

s t e l l a r  p u l s a t i o n  p e r i o d  twice t h e  r a d i o  p e r i o d .  

The appea rance  of a n  e l e c t r i c  f i e l d  E w i t h  a cornsanent 

p a r a l l e l  t o  t h e  magne t i c  f i e l d  w i l l  t h e n  g i v e  rise t o  1ongitGdir.a; 

p l a s n a  o s c i l l a t i o n s  i n  which *he e l e c t r o n s  move p a r a i l e l  t o  i3, 

at: t h e  ? l a m a  f r e q u e n c y  u, . These o s c i l l a t i o n s  t h e n s e l v e s  60 ;-.o; 

r a d i a t e  ene rgy  s i n c e  t h e r e  i s  no magne t i c  f i e l d  a s s o c i a t e d  wit?, 

P 

tnerr,, but i n  a n  inhomogeneous medium t h e r e  i s  c o u p l i n g  w i t k  

o t h e r  r a d i a t i v e  plasma wave modes , and t h e  e m i t t e d  r a d i a t i o n  
13 

14 
would t h e n  be a t  t h e  plasma f r equency  w . Kundu and C h i t r e  P 
h a v e  also mentioned the  p o s s i b i l i t y  of plasma o s c i l l a t i o n s  a s  

a n  e x c i t i n g  mechanism. 
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L e t  u s  d i s c u s s  r a d i a t i o n  a t  100 M c .  T h e  co r re spond ing  plasma 

f requency  i s  277 x l o8  sec-l, and the e l e c t r o n  d e n s i t y  i s  t h e n  

n = 1.24 x lo8  cmW3. 

i s  l o 4  O K ,  and t h a t  the  l o c a l  d e n s i t y  s c a l e  h e i g h t  i s  1, = 6 x 

10  c m ,  a t y p i c a l  s c a l e  height for  a w h i t e  dwarf a tmosphere.  T h e  

e l e c t r o n  mean free p a t h  X e  i s  then15 ,  w i t h  I n  A = 15 (where I n  

A i s  the  Coulomb l o g a r i t h m ) ,  

L e t  u s  assume t h a t  t h e  the rma l  t empera tu re  

3 

5 2  3 
le = 1.3 x 10 T /n I n  A = 7.2 x 10 c m .  

Thus,  X e  > lo ,  and MHD b r e a k s  down. The 1, assumed h e r e  may 

a c t u a l l y  be too s m a l l ,  s i n c e  t h e  i n t e n s e  r a d i o  o u t p u t  f r o m  t h e  

p u l s a r  w i l l  p robably  d i s t e n d  t h e  atmosphere.  This same e f f e c t ,  

however, w i l l  a l s o  r a i s e  the t e m p e r a t u r e ,  and w e  w i l l  s t i l l  have  

x e  > 1,. 

W e  assume t h a t  the  average power emi t t ed  from t h i s  l a y e r  i s  

The convers ion  f rom l o n g i t u d i n a l  
16 

abou t  lo2* erg/sec. 

o s c i l l a t i o n s  t o  r a d i a t i v e  plasma waves could  occur  i n  many ( s a y  

10 ) b u r s t s  p e r  fundamental  p u l s a t i o n ,  so t h a t  i f  W i s  the  energy 

b 

7 

21 
s t o r e d  i n  the  plasma o s c i l l a t i o n s  b e f o r e  r e l e a s e ,  W - 10 e r g s .  

2 
The number N o f  p a r t i c i p a t i n g  e l e c t r o n s  i s  N = 4rrRO1,n, and i f  

Rc = 2.5 x 10 

o n  the  ave rage ,  a ene rgy  w of 1 .6  x 10  e r g s .  But i f  6 r c s  i s  

t he  cha rge  s e p a r a t i o n  a s s o c i a t e d  w i t h  the o s c i l l a t i o n s  and E i s  

8 cm, N - 6 x lo2’. Thus each e l e c t r o n  must possess, - 
-9 
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the e lectr ic  f i e l d  s t r e n g t h ,  w e  have from E = en6r  , w = eEGr = 

E /n. Therefore E = 0.42 e su .  

cs c s  
2 

W e  may now u s e  Fa raday ' s  law t o  f i n d  the  t i m e  r a t e  of 

change o f  the magnet ic  f i e l d  by assuming v a r i o u s  v a l u e s  for the  

s c a l e  6 r E  of t he  e lectr ic  f i e l d .  

6 r E  

l i k e ,  w e  might a l s o  set 6 r  - R . 
3 6 for 6 r  = 6 x 10 c m ,  ", 2 x 10 gauss / sec ,  which i m p l i e s  a 

r a t h e r  l a r g e  f i e l d  i f  6 B ,  for a r a d i o  p u l s a r  o s c i l l a t i o n  p e r i o d  

of abou t  one  second. However, for 6 r E  = 2 x 10 , B ", 60 gauss /  

sec, which i s  more r e a s o n a b l e .  N o t e  t h a t  i f  o u r  e s t i m a t e  of 1, 

i s  too l o w ,  t h e n  s m a l l e r  va lues  o f  6 w i l l  s u f f i c e  t o  produce 

One p o s s i b i l i t y  i s  t o  set  

lo,  b u t  for  a l a r g e - s c a l e  magnet ic  f i e l d ,  p o s s i b l y  d i p o l e -  

I n  any c a s e ,  B = cE/drE, and E -  0 

E 

a -  

t he  emiss ion .  

I t  i s  observed  t h a t  the p u l s e s  have c h a r a c t e r i s t i c a l l y  short  

rise t i m e s .  W e  n o t e  t h a t  mode c o u p l i n g  f r o m  the plasma 

o s c i l l a t i o n s  t o  r a d i a t i v e  plasma waves i s  non- l inea r  and there- 

fore short groups  of b u r s t s  w i t h  r a t h e r  s h a r p l y  de f ined  f requency  

s p e c t r a  might be expec ted  t o  o c c u r .  

G y r o r a d i a t i o n  might a l s o  be a c o n t r i b u t i n g  source .  Fo r  

100 M c ,  t h e  a p p r o p r i a t e  f i e l d  s t r e n g t h  i s  36 g a u s s ,  b u t  for non- 

r e l a t i v i s t i c  e l e c t r o n s ,  t h e  

e n e r g y  i n  such  a f i e l d  i s  17 

it might  be possible t o  g e t  

decay t i m e  for  t h e  e l e c t r o n  k i n e t i c  

roughly 5 x l o 5  seconds.  Thus,  w h i l e  

enough ene rgy  s t o r e d  a s  e l e c t r o n  
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k i n e t i c  energy ,  many more o r d e r s  of magnitude of p a r t i c i p a t i n g  

e l e c t r o n s  would be r e q u i r e d  €or the necessa ry  e m i s s i v i t y .  

However, g y r o r a d i a t i o n  can  s t i l l  c o n t r i b u t e  s i n c e  f a s t  rise- 

18 t i m e  b u r s t s  might r e s u l t  from s t i m u l a t e d  "maser" emiss ion  

o p e r a t i n g  i n  l a y e r s  where the e l e c t r o n  d i s t r i b u t i o n  i s  non- 

the rma l .  T h i s  would g i v e  n e a r l y  monochromatic emis s ion ,  t h e  

band-width b e i n g  determined b y  inhomogenei t ies  i n  the magnetic 

f i e l d  and by t h e  e l e c t r o n  r e l a t i v i t y  parameter .  I f  t h e  

p u l s a t i o n  ampl i tude  i s  l a r g e ,  the  t w o  r a d i o  b u r s t s  p e r  s t e l l a r  

o s c i l l a t i o n  may have d i f f e r e n t  c h a r a c t e r i s t i c s .  On the other 

hand,  it i s  l i k e l y  t h a t  t he  ampli tudes a r e  s m a l l  s i n c e  t h e  

c a l c u l a t i o n s  described i n  t h e  p r e v i o u s  s e c t i o n  show t h a t  

c o l l a p s e  o c c u r s  when t h e  ampl i tudes  a r e  too l a r g e .  
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FIGURE CAPTIONS 

F i g .  1. Outer  r a d i u s  ( i n  u n i t s  o f  100 km) and c e n t r a l  d e n s i t y  

of a w h i t e  dwarf ( i n  u n i t s  of 10 gm/cc) vs. t i m e  ( i n  

sec.). M = 8.38 x 10 g.  

6 

32 

Fig .  2. Outer  r a d i u s  ( i n  km.) of a neu t ron  s t a r  a s  a f u n c t i o n  

of t i m e  ( i n  sec.) .  



n 

Y 
E 
W oz 

I I I 

\ 
X 
0 
E 
U 

E 
x 

I n N  
0 II 

X 

t 

n 
1 I 

E 0 0 0 
Y 0 0 

0 oz W 

E 
Y 

m 

II 

- 

U 
Q, 
U 

E 
x 

b 

I 
c .- 
E 
U 

co 
0 ' 2  

Q, 
m 
U 

t 

cu 
0 



0 
(D 

8 

0 
P 

W 

g f  
I- 

E 

0 

A l I S N 3 0  qWYlN33 

0 
(D 

W 

o =  
" C  

3 
N 


